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DETERINING POINTS OF A CIRCULAR UGION

RUACRABLE BY JOINTS OF A ROBOT ARM

Jobs lopcroft

Deborah Joseph

Sue Vhitesides*

Computer Science Department

Cornell University

An *a=" is a sequence of links wbose enpoints are connected cousecu-

tively by movable joints. The location of the first endpoint is fixed. This

report gives a polynoamal time algoritbm for determining the regions that each

joint can reach when the arm is restricted to a circular region of the plane.

In an earlier report LIe we gave a polynowmial time algorithm for deter-

sizing whether the end of an acm can reach a given point tram a given initial

configuration when the am is restricted to a circular region of the plane.

In this reports we Sive a polynomial time algorithm for computing the boun-

daries of the zs&Ua each joint can reach. The presentation assunes some

Tis work was supported in part by ON& contract 0001M4-76-C-0018,
15Y grant NCSI-01220, an NSY Postdoctoral Fellovsip and a Dart-
mouth College Junior Faculty fellowship.

*On leave from the Matheatics Department. Dartmouth College.
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familarity with the earlier report.

An =~ consists of a sequence of n Links L, ....L, that are hinged

together consecutively at their endpoints. The links may rotate treeLy about

their joints and are allowed to cross over one another. The endpoints are

consecutively labeled A 0 *.**.An * and the length of L.i is denoted by 1ie The

Location of A 0remains tixed in the plane.

Consider an enbedding, ot the arm inside a circle C with center 0, radius

r and diameter do Let 8S. be the set of points to which A.i can be mowed, and

let i z CA. be the points that A C&D reach on the circle C. In the earlier
.1 a

report We1 we showed that R t consists of at most two arcs of C. A point p is

on the bamid= of S. i #. and only its* each neighborhood of p contains a point

that belongs to 8. and a point inside or on C that does not belong to g8a j
Normally the only points of I.i that are boundary points are the ndgmmza of

the arcs.

We will show that for each jo OjSu9 the boundary of S. can be covered by

a Zinite number of circles. Furthiermore, the number of circles needed for a

given joint is bounded above by a constant that does not depend on the arm in

any way. The entire process of computing the centers and radii of the circles

needed f or each joint in turn is p(n) e where p(n) is a polynomial in the

umber ot Links. It is than straight forward to piece together the actual

boundary of each region S once a set of covering circles has been found. One

begins with the circle C and selects one of the possible boundary circles,

tests whether the circle is in tact a boundary (using the algorithm described

in LII) and if so intersects it with the circle C and then proceeds with the

next possible boundary circle.
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The pisof that the boundary of any S8 can be covered by a constant number

of circles is quite technical and involves handling M special Cases. We

have Organised the details into several sections whose contents we now briefly

out line.

Section 2 Considers the possibility that kois not the only atixedw

joint. By our detinition of Mazurg A0 is the onLY joint that is tastened to

the plane. Novevere it may be that other joints are effectzveLy fixed for

geomtric reasons. For examples A 0 my be located on C. and the f2.rst linkL

* may have length equal to the diameter d of C so that the Location of joint A,

cannot change. Theorest I shows that there is a joint index j such that the

location of A.i can change if * and only it,* j~t~n. Turthermore., this index can

be found quickly. This result takes care of regions consisting of single

points and allows us to assume without loss of generaLity that Ao is the only

tixed joint.

Section 3 introduce* '0basic" circles and welbows". Basic circles are

natural candidates for inclusion in a cover of the boundary of a region 8Si by

circles. For example. C itself wil be called a basic circle. Joints are

called welbowsw if they lie oft C but are neither straight nor folded. If

there is an elbow between A and Akthen the location of A can often be held

tixed While Ak is moved to points in an open set containing the original loca-

tion Of Ake Ilence elbows are important because they Can tell so that a joint

* is not on the boundary of its region. The lemas given in Section 3 are con-

cerned with the occurrence of elbows.

In Section 49 it is shoes in Them=i 2 that as long as a joint A. is not

on a *basic' circle, then sone joint AJO 0 4 J 4iso must be on C if Ai is on

the boundary of its region. These joints on C can be thought of as dividing
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the part of the am between Ao and A into "segments". Theorm 3 shs that

the intemediate segments consist of straight lines of links while the initial

tad tinal segments may each have one joint that is folded.

In Section 5. the possibility that the final segment lies on a diagonal

of C is handled as a special case. This special case motivates the definition

of 0supplmentary" circles, which are then aesand to belong to the covering

sets for the boundaries of the regions. The main result of this section is

Theorm 5, which lists the possible configurations for the part of the arm

between A0 and An when A is on the boundary of its region but is located at a

point not covered by a basic or supplementary circle.

The main result of the entire paper, the fact that the number of covering

circles needed is bounded by a constant independent of the arm, is given in

Theorem 6 of Section 6. The proof consists of handLing each of the Coufigura-

tions enumerated in Theorm 5. The machinery needed to do this is given in

Lomas 6-5. These Lias state that either certain inequalities in the

lengths of links hold, or certain configurations cannot place A. on the boun-

dary o So . These inequalities restrict the possibilities for the last joint

A. on C before A . The possible locations for A then become centers for cov-
.1 a i

ering circles of radii determined by the final segment before Am.

Bsfore we begin the technical sections. we mention two notational

matters. First. an expression such as "Joint A iis hatm A. and A usually

means that i j k, not that A lies between A. and on the line they

determine in the plane. Mother example of this usage is "Joint x is h nuIor "L joint y7, meaning x has the higher index. It should be clear from the

context whom the words wbetween ad *beyond* are used in a geometric way.

Seond. if joints A and A are connected by a straight line made up of links



Li l9...oLj we WiLl denote this Line of links by LA A J and the Length

ZI ~l +.o+1 of this Line by ILAiA.JI.

2.. m £M Zmzabis I.ninua

Given an am with A. tized, it nay be the case that certain other A1 are

immovable. For eample, iLf Ao is fired on C and 1 d. then certainly the

Location of A, cannot change. Another ezmple of an imovable joint beyond A

i8 shown in Figure 1.

Figure 1. Joints Ao-% cannot move.

In generalL U Ao lies at a point distance do trm Co do 0 0 or ro and if 1,

satistes I i x - 4o + c++11 , tam Joints Ao....eAL are effectively

tized. In Theormn 1. we prove that the hiovable joints torn a consecutive

sequence frm Ao up to sme Ak, where k c be computed in time on the order

of a polynomial in n, After proving thai we vill assue without loss of gen-

ewality that kmO so that A, and its successors are troe to move.

L1: Suppose an am is constrained to move inside a circle C and that z

Is the last tized joint of the armt i.e., the last joint wose set of reach-

abLe points contains only one elment. Then the joints (it any) between Ad
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and z m st be fixd. Furtherore, z can be found in p(n) time where p is a

polynmial in the number a of Links.

ZrML: In LIJ, it was shown that an arm can always be moved to a certain

uormal fom in which a straight line of links LA A iJ stretches tram A0 along

a radius toward C, where 1..+1 is equal to or less than the distance d o

from A 0 to C but I1+...+04 +1 is greater than do. (See Figure 2.)

An

Ia

A

AA

i+ Ai I

A -A:L  oo L,+

Figure 2. Arms in normal form A + is the first joint for which I I
4e"S 6 0. the distaffe between Ao and C.

The joint Ai may or say not Lie on C. depending on whether 1 + holds

with equality. omever, in this normal form all joints beyond Ai lie on C.
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Note that if I >do , perhaps because A is on C. then A =Ao and the line of0 0 i0

links LA A.J is empty. Also note that Li 1 may lie on the diagonal through Ao

even though it is too long to fit on the radius. (See Figure 1.) Obviously.

the location of any immovable joint must be consistent with this normal form.

This fact is useful in deteraining which joints are imnovable.

If A is positioned at 0, the center of C. or if ll ... +1n Sdo so that

the arm at best can just reach C. it is obvious that the last immovable joint

Ak is A itself. This is because the entire arm can be rotated about Ao . We

assuime from now on that A is not at 0 and that ll+,..+L>do . We also assume

that the arm has been moved to normal form.

We begin by shoving that if A0 is not the only imovable joint, that is.

if A o0 then Ai 1 and all its predecessors must be fized. where again. Ai is

the last joint such that L1 through Li form a straight segment that lies on

the radius through A when the arm is in normal form. The cases A iA o and

, Ai$ao will be treated separately.

If Ak$A0 but A iA o so that A itself is the last joint on the radius.

* then either L1 must cross over 0 in reaching from A to A on C or L2 =at be

as long as the dimeter 4 of C. Otherwise, all joints beyond A would be able
0

to move, contradicting the assumption that A ok PA0. If L crosses over 0 or if

Sad. then A, is fixed.

if AkA O and A SAO so that there is at least one link on the radius. Li+i

must cross 0 in reaching frow AL to Ai 1 on C. Otherwise. all joints beyond

A would be able to move. The fact that L crosses 0 implies that A is
0 1.1 i+l

fixed on C. as it cannot move closer to A 0 Also, all joints between A. and

Ai+1 are tixed because they can move neither tarther trom Ao nor closer to
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AC This completes the proof that itAA 0o  + and all its predcessors

are fixd.

loa note that if A. is aU inmovable joint lying on C. &U joints beyond

A can move unless ljld or lj+2d. Also it either of these conditions is

satisfied, then A1+1 is inmovable. This implies that each successor of Ai 1

up to Ai mst be immovable.

It is easy to see that Ak can be found in polynommal time. U

I. A&m Za11uiaU LMaa

We now begin the determination of the boundaries of Si. In light of

Theorem 1, let us adopt the notation that Ao i4a X" 1u"t =M& ia= a L"
am*

Given a joint A beyond A., we want to build up a smal. collection of

circles Vhose union covers the boundary of the set S of points A can reach.

Zn order to kind such a collection quickly and eastly. 3 dA =I ina Z thaL

There are four circles, not necessarily distinct, that it is natural to

place in the collection lumediately -- namely, the two circles centered at 0

whose radii correspond to the minimm and saznimm distances that An can move

off C. and two circles cantered at Ao whose radii are obvious bounds for the

ula~amm and uiamm distances that Ai can move from Ao . These circles. vhich

we call Mal& A&=Laa. are discussed in more detail below.

In LIJ it w shown that the minmum and uaximam distances that a joint

can wve I- m v can be computed in p(n) steps. where p is a polynomial in the

nmbet of 1i40. Hence the first two basic circles can be found quickly.

, ,-. ,,P. ,,. -Y , . . . :4
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(Note that one of these is often C itsell and that the other may consist of

the point 0 considered as a circle of zero radius.)$Suiing the lengths of the

links preceeding A gives an upper bound tor the maximum distance Am can move

from A .0 If A is preceded by a link L. that is so long that

1.- 1. > 0
3 iml. ixj

then this difference gives a positive lower bound for the minimum distance

between A and Am; otherwise, 0 is a bound. The two remaining basic circles
0 a

are defined to be the circles centered at A with these radii, which are easyO

to compute.

Before continuing to build ur a collection of circles covering the boun-

dary points of S a we first need to observe some facts about joints. These

are developed in Limas I through 3 below.

Consider a joint A. that does not lie on the circle C. If L. and L

form a 0*(=360*) v 1800 angle. A. is said to be a frJd or a zxxaUhL j i=.

respectively. If A. does not lie on the circle and is open to any othera

angles it is called an *1km. (It is important to note that the definition of

an elbow requires that the joint not be on C.) The next loms gives a simple

but fundamental observation about elbows.

1: Suppose that no joint strictly between A i and Ak lies on circle C

but that some joint A. between them is an elbow (A i and Ak may or may not lie

on C.) Then the location of Ai can be held fixed while Ak is moved to all

those points in some open ball centered at Ak that do not violate the mininum

and axlum distances that Ak can be located from the circle. (See Figures 3a

and b.)
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AA

Figure 3a. The elbow at A. enables Ak, to reach the points in the shaded area
while the i0 cdj0 u ot A.i remains fixed.

An

.4.L

Figure 3b. Link L is5 so long that Ak cannot reach any points inside the
dashed circle.

ProofL: Note that the distance between A.i and Ak can -be both increased

and decreased by adjusting the angle at A..o Simultaneously, the entire confi-

guration of links between A1i and Ak can be rotated about A.. provided that the

links beyond Ak do not prevent this notion. But Lii showed that the links

beyond a given joint never constrain its motion along any path that stays

within the minium and maximum distances that the joint can be located oft C.

3 U



Another basic observation is that a fold can sometimes be turned into an

* elbow.

LOm 2: Suppose that u =d v are two joints of an arm enclosed in circle C

and that all joints between u and v are straight with one ezceptions x, which

is a folded joint not lying on C. If the lines of links LzuJ and LxvJ from x

to u and z to v are uoM equal in length and if the longer Contains at least

two links, then an elbow can be created at z without changing the locations of

u and v. If the lines LxuJ and LxvJ (possibly of equal length) each contain

at least Z= links, then again* z can be turned into an elbow without moving u

* and v. (See Figure 4.)

Pro Ut ILmuJl = ILzvJJ the second sttmnt is obvious. I± ILzuJI x

ILxvJ1. let the line LzuJ be the loner one, and let y be a joint between x

and u. With the locations of u and v fixed, the line LYuJ can be rotated

about u. forcing y to move a= from v. This can be done because y can be

moved away trom v by opening z. and at the same time, the confg .uration

between v and y can be rotated about v to keep y on a circle of radius ILyuJI

centered at u. U

X Y v V y u
Up p

eO r- -W

a) ImyJI s ILinvlI b) ILmyJI ILzvJI

Figure 4. Creating an elbow at z.

A final basic observation is that an elbow can be created from two folds

that are joined by a straight line of links unless the line consists ot a sin-

gle "longO link.

. _ . ' 'j . ' . " "/ .' ."• '- ,., .'Im'l l ,.u . . . . . . . ..
* ' ma - ' m

.. .
- ' " d d
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La, .: Let u and v be joints of an arm embedded in a circle C. Suppose all

joints strictly between u and v are straight with two exceptions, which are

folds. Then the locations of u and v can be held fixed while the arm is moved

to create an elbow between u and v unless the folds are joined by a single

link that is at least as long as the sun of the lengths of all the other links

between u and v.

roof: Let x and y be the fold. and let us x, y. v be the order of the

joints in the arm. First, suppose that ILuzJI . ILzyJIo (See Figure 5a.)

y V y V

a) ILuxJI a ILxyJI b) ILuxJI < ILxyJI and
ILzyJI < I~uuJI + ILyvJI

u x

y 'v

c) ILzYJI a ILuzJI + ILyvJI

Figure 5. A Pair of folds. An elbow can be created between u and v except

in c) when LzyJ is a single link.

Then the locations of u and v can be kept fixed, and also all angles except

those at u. z. y. and v can be kept fixed, while LyvJ is rotated about v.

This is because y will be moving uAv from us which can be accomplished by

opening the folded joint z into an elbow. The configuration between u and y

can be rotated about u to give y the proper angular displacement with respect

to u and v.

Now suppose that ILuxJI 4 ILzyJI and that ILxyJI < ILuJIl + ILyvJlo (See

Figure 5b.) Then while the locations of u and v are held fixed. LuxJ can be
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rotated about u, which moves x from vs by unfolding y into an elbow and

rotating the configuration between v and x about v.

The only renaing possibility is that ILzyJI X ILuxJI + ILyvJl. as shown

in Figure 5c. Then an elbow can be created unless z and y are joined by a

single link. U

Q=11=: Let u and v be joints of an arm enbedded in a circle. Suppose all

joints strictly between u and v are straight joints or folds. If there are

three or sore folds between u and v, then the locations of u and v can be held

fixed while the arm is moved to create an elbow between u and v.

hno±.: Let e. f* and g be the first three folds past u between u and v.

Let h be the next told past g if one exists; othervwise let h be v. If an

elbow cannot be created between u and ve then Lema 3 applied to up e, f and g

shows that |Lef Jl > IS. But Lema 3 applied to es io S and b sbows that

1IfgJI , ILetJl, a contradiction. U

L. ISMA

Now we are ready to continue studying the boundary ot Om a u>0. In this

section, we show that when a configuration of the arm places As on the boun-

dary of S but not on a basic circle, the part of the arm between A and A
0 a

divides into an initial segment reaching from Ao to C, possibly some inter-

mediate segments between joints on C. and a final segment reaching from a
joint on C to Ak. The intermediate segments consist of stra3aht lines of

links, but the initial and final segments may each contain a joint that is not

straight. The next theorem shows that there must be a joint between A. and A.

that lies on C.

• :' AA''' , ""-''-
"- ; ,

"'I-;,'' *'' "-" ' " ' " . "- "- " - " . ". ' ". " . . -. "- -. - " "... . . --- " •
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uzm 2: If tis arm has been moved so that A lies on the boundary of S
a a

but does not lie on a basic circle, then some joint strictly betveen A0 and A

must lie on circle C.

koL: Suppose that there is no joint A, 0<im e that lies on C. Since

A is on the boundary of Sm but not at its minmum or maximm distance tCm CO

Lmna I implies that there can be no elbows between A0 and A P and the corol-

lazy to Lma 3 implies that there can be no more than tvo folds. There can-

not be exactly two folds between A and A , since it follows from Lema 3 that0 a

Am would be as close as possible to Ao , contradicting the assumption that A

is not on a basic circle. There cannot be ezactly oue fold between A. and Am

as the longer straight line of lifks vould be either a single link, putting Am

on a basic circle, or a multiple-link limne. hich according to La 2 allows

the formation of am elbow. OM the other band. It all the joints between

Ao and As vore straight. An would be o a basic circle. U

Suppose that the arm has been moved so that A is on the boundary of Sm

but not on a basic circle. Then As is not on C but, according to Theorm 2a

we can find some last joint between Ao and Am that is on C. We will say that

the links between this last joint and Am torn the £LuLa &ag aL XU £A3Li-

sw=In hat= A., or simply, the UJ uMm&M . Similarly. we will say that

the links between Ao and the first joint hbay= A. on C forn the iaLLUL a=

Met of the configuration. (Kere. Ao may or may not be on C.)

It is clear from Lams 1. 2. and 3 that ILM ltUia som a vaus a at.
a tza gUhJr.A aaLua o a zm & 0a L M &aI Am a a Ao lJkt m

aa la a I ra a UXL Ua.anhz a a &a sbL I=haL liskaU Am. In

either case, the final segment Lies along a Line. The next lame will help us

to show that if As is on the boundary of Sm but not on a basic circle, then

, .- ... . ..* ... . . . . . .- . . . . . . . . . . . . . . . . ."..
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the configuration of the arm has no elbows anywhere before A3 and only two

joints that sight be folds. Also, it will enable us to treat the possibility

that the final segment lies on a diagonal of C as a special case.

1i As Suppose that an azm has been moved to a position that places An on

the boundary of 53 but not on a basic circle. If the final segment before A

begins at Ai on C and lies on a diagonal of C. then I , the arc of Sinc to

which Ai belongs, consists of a single point.

kmaL: Since As does not lie on a basic circleo A. cannot be located at

0. For the son reason, if Al lies on the opposite side of 0 from ALi the

final selment must be a multiple-Link straight line. But then A cannot be on

the boundary of 8 unless 1 iis a single point. To see this. note that the

distance between An and C can be decreased by rotating the final segment about

A1 and that it can be increased by beading a joint in the final segment. (See

Figure 6a.) Also. LA A J can be rotated about A1 . and Ai can be repositioned

along Rl to sake As sweep out arcs of circles. (See Figure 6b.) Taken

together, these circular arcs cover an open ball centered at the original
I

position of Aj unless I is a single point. (It my not be possible to slide

Ai along i I without rmoving A1 from C. Nevertheless, A . can be repositioned

anywhere along i' and the orientation of LA14AsJ can be restored to achieve

the sae effect. See LIi.)

Suppose An lies between AL and 0 and that the f=Ial segment is a single

link. If 1,' is not a single point, then A, can be moved along arcs of cir-

des centered at 0 and having radii at least r-ILA A JI. (See Figure 7a.) This

is because LA1AsJ can be rotated about Ai to move As farther tram 0, and then

AL can be repositioned along L ' with LA1AsJ in its now angular position. To

contradict the assenption that An is on the boundary of i it remains only to
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a) &.can be mOVed tO points on the dashed arcs by bending Ai and then~tatnA the configuration between A. and A3 back and about A.
whle keeping the location of A1 fied 2

Io

.\'"

*b) LA A J can be rotated about A. wh~.le the location of A. rnains the sne.Th Jni A i1s not at the ccv endpoint of I'. A can repositioned ccv

of its iaktiai position while LA A J is hild a•L sae filed angle. Iniay A can reach the points the dashed arcs.

ligure 6. A i na] segment that is a ultiple-Link straight lino on the diag-osnt igth 0 beteen A. and A ,hee I ' eten s countorclokwise(and possibly €nocgire) troa the nitil location of A "

show tht A5 can reach the neighbors of its initil location that le outside

the circle of radius ILALA3 I centered at the initial location p1 of "

TO pove that A3 can reach its neighbors outside the circle centered at

............................................
~1 ** f--***~. ~ *~* . . . . . . . . . . . . . . . . . . .

*~^ *400- ***
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aA ± b) A at p

%) 1Wtp do)

figure 7. A lies between A ad 0. A"d the final segment is a single link.

pit* we now consider the possibilities for the conftguration of Liland L .

If L does not lie on the diagonal. or it L 4oes lie on the diagonal but has

length no greater than ILA AJ I then LAjAsJ can be rotated about Ai whxle the

configuration between Ai..i and An is rotated about A i-I * In thas wayo A. can

my*e along arcs of circles centered at A. 1 9 " a shown in figures 7b and 7c.

Now we can ase that Lilies on the diagonal and that liILA±A.I

since we are ass"I"In that A3 is not on a basic circle. Ai..i o and liSd;
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otherwise* A would be us close as possible to A or to 0. respectively. If
a 0

Ai 1 is an elboe, then the confIguration between Ai- and A can be rotated

about Ai 2 while EA A J is rotated about A1 . This situation is smiular to the

one shown in Figure 7b. I A L io a straight joint* this joint can be bent

to move A1 closer to 0. If LA A J is imultaneously rotated about Ai s An

reaches its neighbors outside the circle centered at pis as shown in Figure

7d.

Now we can assume that Ai 1 is a told and lies at the end of a straight

lzue of links LAAitJ that begins at sam predecessor A. of Ai 1 " Ny Lemas

l and 39 AR is not on the boundary of $a it Az is afold. It Az is an elbow.

we are again in a situation simlar to the one shown in Figure 7b. We can

assume that A. does not Lie on C (on top of A1 ) because in that situation, we

could keep the location of Ai and A. fixed and rotate Li and LAzAoi.1J off the

diagonal, a situation that has already been discussed. This completes the

proof of the theorm tor the situation in which Al Lies between Ai and 0 and

the tinal segment is a single Link.

'4

A i at

Figure 8. The final segment has a fold at A +1 and places Aa between pi and
0.

! ' ",/t' :o'2-'~~. . ............... .... .. . ....... . . . . .
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If Am lies between A i and 0 and the final segment is a straight line of

links containing more than one link, then A cannot be on the boundary of Sm,

This is because the arguement that we just presented for a single link shows

bow to reach points in a neighborhood outside the circle centered at Pi of

radius I EAiAmJ and the argument given earlier when Au reached beyond 0 shows

how to reach points closer to pi.

Finally, suppose that A. lies between A, and 0 and that the final segment

has a fold at A. If I.' is not a single point, then A can be moved to
i~l e. 3

reach the neighbors of its initial location. To see this, rotate the final

segment about pi to an off-diagonal position. Now rotate LAi *A 3 J about A 1,1

to increase and decrease the distance between A. and 0 while simultaneously

repositioning A1i along i ', (See Figure 8.)

In every cases we have found that 1' must be a single point. U

Now we can describe the general form of a configuration that places A, on

the boundary st Sa but not on a basic circle.

ZhAMM 1: Suppose that an arm has been moved to a configuration that places

A. on the boundary ot Sm but not on a basic circle. Let Ai be the first joint

beyond Ao on C. and let A. be the last joint before A on C. Then all joints

between A and Am that do not lie on C are straight, with the possible ezcep-

tions of A i-I and AS+ 1 , if A i-I and A j+, are not straight, then they must be

folds.

ZZWL: As noted previously, Lamas 1, 2 and 3 imply that the final seg-

ment is as described in the statement of the theorem. If an elbow appears

before Aj, then it leads to a joint on C that by Lima 1 is not at an endpoint

of the xc(s) it can reach on C. This means that A. is also at an interiora

- -- . ... . . . ...... . . . . . . . . . . . . ..l' i ll tl 'l f-l'x ''---l.. ..... .....
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point of its arc. By Laos 49 the final sepent cannot lie on a diagonal of

C. But the final segment can be rotated about A to both increase and

4ecrease the distance between A and C. Then since A. is at an interior point

of its arc$ A. can be repositioned along C so that Aa sweeps out arcs ot cir-

cles that cover a neighborhood of its original position. (See Figure 9.) This

contradicts the assunption that Aa is on the boundary of 8 Hence there are

no elbows bef ore A.

iU

R

A

j!

Figure 9. A. is at an interior point of R.'. and the final segment is oft
tile diagonal* so A does not lie ;n the boundary of Su.

.For the some reason that there are no elbows bef ore A., there can be no

folds connected by straight lines of equal length to superimposed joints on C.

Lina 3 and its corollary show that there cannot be two or re folds between

joints on the circle or between A and AV Finally. Loma 2 shows that if

there is a told betveen A nd Ais it must be A,-,. U

. A an =a i daz L S3

The next theorm will help us to treat the situation in which the final

segment lies on a diagonal of C as a special case. Atter that case has been
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handled* we will enumerate the configurations having A. on the boundary of S."

Zkanm A: Suppose that an arm has been moved to a position that places AI on

the boundary of S. but not on a basic circle and that the final segment before

A lies on a diagonal of C. Then the initial segment consists of a single
a

link. L, s which is connected directly to the final segment.

kz.: By Theorem 2. there is at least one joint between Ao and An that

lies on C. Let Ai and A. be the first and last such joints. According to

Theorm 3. AL-1 and AS 1 are the only joints oft C that may not be straight,

in which case they must be folds. Also, the arc of I containing A must be a

single point because by Lema 4. the arc of Rj containing A. is a single

point. This has several consequences. First* if the initial segment does not

lie on a diagonals it must consist of a single link. Second, A, cannot be at

0. Third. if the initial segment lies on a diagonal of C. it cannot be a

multiple-Link straight line longer than ro the radius of C, nor can it have Ao

positioned between AI and 0 and a fold at Ai..0

Asum that the Initial segment lies on the diagonal. If 0 lies between

Ai and A0  then the initial segment cannot have a fold at Ai..1 or be a singie

link because Ai would be tixed, contradicting the assumption that A0 is the

Last fixed joint. Since we have already ruled out a multiple-Link straight

line longer than ro we conclude that 0 cannot lie between A and Ao . Thus it

the initial segment lies on the diagonal. Ao must 1ie between Ai and 0. In

this situation we have already ruled out the possibility that Ao is at 0 and

the possibility that the initial segment has a fold at A Hence it the

initial segment lies on the diagonal* it must be a straight line ot Links at

Length less than r.

b e ~ -. . e - -o o - o .. -. - -
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Whether the initial segment is a line of links lying on a radius of C or

a single off-diagonal Link, A. (the last joint before An on C) must be Ai.

Othervise, the first interuediate segment would have to be a diagonal chord in

order to prevent its second endpoint from being able to move on C. In fact,

this diagonal chord would have to be the single link Li l , but then Ai would

be a fixed joint.

To prove the theorem. we nov need only to rule out the possibility that

the initial segment is a multiple-Link straight Line Lying on a radius. Sup-

pose, for the purpose of contradition. that this is the case. If the final

segment had a fold at Ajl a * then Lema 3 could be applied even though

A. lies on C, because A. csnnot move beyond C even when C is removed. But

Lina 3 would imply that A lies on a basic circle. It is obvious that the
m

final segment could not be a sultiple-link straight line. If the final seg-

ment consisted of a single link Lj 1 x L , A would lie on a basic circle if

L j+1 reached as far as A 0 and on the other hand. Lj 1 could be rotated about

A. to form an elbow if L j+ did not reach to A0o This rules out all possibil-

ities for the final segment. Hence the initial segment consists of one link

if it lies on a diagonal. U

It follows from Theorem 4 that it the final segment lies on a diagonal of

C. then A lies on one of at most four "supplmentary' circles that we are

about to describe. Note that in this situation, there are at most two possible

locations for A,* corresponding to the two possible orientations for L (see

LIJ for the definition of orientation). Then, for a fixed position of A,$ Am
- .3

lies on a circle centered at A, of radius either I 1. or. when positive*
jz2

U

12 - 1 1.. This defines at most four circles, which we callu*~l1 meav.

jz3 .

,. .=
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Fra now on. we &sauna that Aa is neither on a basic circle nor on a supple-

mentary circle so that we need only concern ourselves with situations in vhich

SM 112A Aaimk= UUX&z An doiaa n l a an, a 4±zagna aL Q.

In the next 8me we list several configurations that can be moved to

tom elbows without ever changing the location of their endponts. Thus by

Theorem 3. these configurations cannot occur between A. and A. it Am is on the

boundary of S but not on a basic circle. Then we will use these forbidden

configurations in enumerating the possibilities for the whole confiSuration of

the arm from Ao to A3 .

In mhat follows, we will use the expression zy to denote the infinite

line determined bW points or joints x and y. As before, LxyJ will denote a

straight line of links connecting joints z and y.

Ln 1: In each of the contigurations shown in Figure 10. the locations of

the two endpoints can be kept fixed while the coutguration is moved to form

an elbow.

v v

Ua. Luvi lies off 1b. LUVJ lies oft the diagonal*
the diagonal.s v is foldedo and ILzvJlI>LuvJI

it LuvJ is a single link.
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Y V
AY

'" 
U

x

IIa. LvXJ lies o±f IIb. LvxJ lies off the diagonal,
the diagonal. v and x are folded, and

y lies beyond u,

u V

x y

* Ik. LviJ lies otf the diagonal, III. LzyJ lies off the diagonal.
and v is folded.

* Figure 10. Configurations that give rise to elbows. Arrows indicate the
angular range for a line of Links. A sharp tip indicates that
the endpoint of the arc belongs to the ranges and a round tip
indicates that it does not. No order is implied by the letters
at joints: u could come before or after v. There may be addi-
tional joints between the ones that appear in the figure. A
dashed extension of a link indicates that its endpoint may lie on
C.

Proof: In Ia and lb, the locations of u and z can be held f .xed while

LuvJ is rotated about u. This requires that v move closer to x, which can be

accomplished by creating an elbow between v and x. In lb. it LuvJ contains

more than one link. v can be moved straight toward u and x by creating an

elbow between x and v and between u and v. Hence LxvJ need not be longer than

A. I . . . ." . . . " ' " ' " ': I ''i ," " , " "
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*LuvJ in this case.

In hla. b. and c, the locations of u and y can be held fixed while LxyJ

is rotated about y. This requires that x move away from u. which can be

accomplished by opening the joint at v while simultaneously rotating LuvJ

about u.

In 111. the locations of u and x can be held fixed while LxyJ is rotated

* about x. If u and 0 lie on opposite sides of xy (the infinite line determined

* by x and y). then y must move away from u. This can be accomplished by open-

ing the joint at v while simultaneously rotating LuvJ about u. If u and 0 Lie

on the same side of xy. then y must move toward u. This can be accomplished

by closing the joint at v while simultaneously rotating LuvJ about u. If u

lies on xy between x and y. at x. or on the opposite side of x from y. then y

must either move away from u. remain at the same distance trm u, or move

closer to u. respectively. The important point is that the required rotatO

of LuvJ about u moves v closer to 0. U

Lemma 5 gives configurations that cannot appear between A0 and Am in any
configuration of the arm that places A on the boundary of Sa but not on a

basic circle. We now use this information to enumerate the possibilities for

the configuration of the arm from A to A . Then from this list we will be

able to determine the additional circles that are needed to cover the boundary

of S . It is important to note that in Figure 10. u can come before or afterm

* and y. For examples u can correspond to A as well as to A0.

According to the notation we have been using, the expression LxyJ denotes

a straight line of links between x and y whereas the expression wx denotes an

infinite line (not necessarily containing any links) through w and x. Suppose

'r ,..'.- ,. .- ~~~~~ ~ ~~~~~.... ...-. :_ -. ... . . o - . . ' ". , .. , . .
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the line ix passes through C. We wL1 say that LzYJ lies AWL= wx it LxyJ and

0 are an opposite sides of wx and that LxyJ lies ahaxm ix it 0 and LXYJl ie on

the s$ms side of Vx. (See Figur~e 11.)

a) xb

figure 11. LxyJ lies Ounderw Linet va in a) and *above"wz in b).

7,~z~m1: Suppose an arm has been moved to a configuration that places A. on

the boundaz7 of S3 a but not on a basic or supplemeontary circle. Then if the

f inal segment of the arm before A acontains more than one link. it contains

* one of the cotigurations shown in figure 12.

Coniguaon1:L 1 isongrton :

J+1 thnA o 2  o ecL. 0
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AJ1

A m LA

A A

COntiguration 3 Configuration 4

A 

L

0

A

AA
.J-

Configuration 7: Either L. or L Conf3-guratiou a
Is the last link before A3 with J-1

lengthlooo a



AdA

A

Contiguration 9: zither A. is A*Cniuaon1
or A - is a f old leading; WoA 0

figure 12. The tInal segment contains sore than one link, Natation is the
same as for Figure 10.

Proo: Since A does not lie on a basic circle, A. does not lie on C.

Also. Theorm 2 implies that there is some joint strictly between A, ad An

that lies on C. Let A, be the last such joint. Since A does not ie. on a

supplamtary circle. A. . so lcJft. This also means* according to Theormn

4 4. that the f inal segment before A, cannot lie on a diagonal of C.

We will break the proof Into two parts. First we will assume that the

final segment before Am has a fold at A3 , and second we will assume that the

final segment is a straight line LA A ,J consisting ot sore than one link.

(Note that the hypothesis of the theorms rules out the possibility of the

final segment consisting of a single link.)

Proof. 1=z =a sma anL a IaU~ &L Aj ia a M L± A ea

First suppose that A.J is the n1 joint strictly between A 0and A. that

lies on C. Configuration 1 of figure 12 covers the situation in whi.ch A0 is

connected to A by a straight line LA A .1. where by assumption J>1. This is

because contiguration I& of figure 10 cannot be a configuration in the arm, so

-7:.
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LAlojJ met lie eithr on or beneath the ifinite line AjAj+l • It L4AJ lies

on A.A, a then by Ib An does not lie between Ao and Aj. Also A0 does not

coincide with A since An does not lie on a basic circle. Configuration 2 of

ligue 12 covers the situation in which AS. 1 is a fold. This is because con-

ti urations Ilb and lc are forbidden. so Lj mst lie on the diagonal or on

the opposite side of the diagonal troo L j+1 0 (note that either Ao or A, could

correspond to a in con taurations Ub and Ilc.)

iszt, suppose that A is not the only joint between A and A. on Co so

that for sea is Oci<j, LAiAjJ is a chord of C. Since Ulb is a forbidden con-

figuration* LAiAJ cannot lie on A A • Configuration 3 covers the situationL j j j~l

In which L leAjJ ales *&bove A A . This is becaue lc is forbidden, so

LAiAjJ cannot lie in the open wedge bounded by AJ A j+ and the infinite line

OA J and I& is forbidden, so LA AjJ must be a single link. Configurations 4

and 5 cover the situation in vhich LAIAjJ lies Ounderm line A JAj+. To see

this, note that Ai.I and A. cannot lie on opposite sides of OAi because IIl is

forbidden, and Li cannot lie above AiAj because Ila is forbidden. Then note

that A . 1 can't be a straight joint because Ia is forbidden. Therefore,

either A L 1 a Ao v Aiu1 is a fold, as in configuration 5, or Ai. 1 lies on C.

as in configuration 4.

baiL I= Xh- ma aL & zmLnL1&-AnLk fA& Am LeaaL AsuL

Because I& and Ib are forbidden. A cannot be iumedastely preceded by a
mitiple-Zlnk straight line. Zene either A . 1 is a fold or A. 1 lies on CO

Let as consider these possibilities separately.

Configuration 6 covers the situation in which AS. 1 is a fold. This is

because Lj mast lie in the closed wedge bounded by A An and OA as I& is for-

,,.-.'.
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bidden, and furthermore, as we are about to sees L. cannot lie on A.A or on

A. 0,j. L lay on AAo then A would have to lie on A or between A and A.j j 3 30 0 3

because Ilb is forbidden. But this would place A on a basic circle. It L.

lay on CA. with 0 between AS.1 and A, Aj would be fixed, and if AS. 1 lay at

0 or between A. and 0. A would not lie at the endpoint of an arc of iR,

implying that A did not lie on the boundary of 83.

Several contigurations are needed to cover the situation in which AS_ 1

lies on C. Certainly L. lies in the closed wedge bounded by AjA and GA. in

that situations as Is is forbidden. There are two cases to consider, namely

whether AS.1 is. or is not, the first joint past Ao on C.

Configuration 7 covers the situation in which A.- is the first joint

past A. on C. The possibility that the initial segmnt is a single link or

has a fold at A .2 is clearly covered. The only reaining possibility is that

the initial segment is a multiple-Link straight line LAoAj- J. In that case

LAoAj..J must lie on or below Lie because Ia is forbidden. Agains configura-

tion 7 applies.

: Now suppose that AS.1 is not the first joint past AO on C so that for

some Ai where j-l'i0, LAiLjoIJ is a chord. Configuration 7 covers the pos-

sibility that Lj is a diagonal chord, so we may assme that L. is oft the~J

diagonal from now on.

If chord LAi~jA.lI lies above Lij then it must be a single link since Ia

is forbidden, and furthermore, this link cannot lie in the open wedge bounded

by L and OAj. 1 because Ila is forbidden. ilence, configuration 8 covers the

situation in which LA1AJ..J lies above Lj.

Chord LA1Aj.J cannot lie on top of Li because Li and LA.Aj. 1J could be

- 4."- V ' -' '. .' . ' ... " - " ."'. ' . ' ." " . -..- '. '
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rotated about the coincident joints A. and A. to form a fold at Ai.. 1 violat-

ing Theorem 3.

The last possibility is that LALAj. 1 J Lies beneath Lj. Since i>0. there

is a link Li to consider. Since Ila is forbidden. Li cannot lie on or beneath

chord LAA.J. Therefore* since III is forbidden. Li must lie either on OA.

or in the open wedge bounded by 0Ai and LA A j.J. Since Ia is forbidden. Ai. 1

cannot be straight, so either A i. is a fold and configuration 9 applies, or

A 1 lies on C and coutiguration 10 applies. U

The basic idea for handling configurations 1-10 of Theore 5 is this: In

each case, we vill show that there are only a constant number (independent ot

the am) of possibilities for As the last joint before As on C. Then a con-

stant number of circles, at most 8 for each choice of A-. can be added to the

basic and supplenentary circles to form a collection that covers the boundary

a
of So This is because A must lie on a circle of radius either I 'L orkmj+l

m

IS1 I . about A.S and A mst lie at one of the andpoints of R ., of
k=j 2

which there are at most four. The possibilities for A. wilL be determined by

inequalities involving the link lengths that can only be satisfied in a few

ways. We have already seen a simple example of thiLs in conufguration 7.

There, either A. is the higher numbered endpoint of the last link ot longest

Length before Am. v A. is the next joint after that endpoint. for several

of the configurations* somewhat more complicated length inequalities will gen-

erate the possibilities for A. The next three linas will be used to find

the additional inequalities that are needed.

1 JL: Consider a configuration of straight lines of links LvuJ and LvwJ

joed at v and constrained to move inside circle C. where v is on C. vu does

' . 7% '4 :L '' * -'" T,' -: I , , . *, ? - .... . .'- .-- "--"- " , -,-.'"""--.-.,.,---",.-""-'-..



-32-

. not lie on the diagonal through ve and LvvJ lies beneath vu. Joints u and v

may or may not lie on C. (Figure 13 shows that the mirror image of LvuJ and

LvwJ with respect to the line through u and w need not lie inside C.) If

I wJ I a 21LvuJI, then the location of either endpoint of the configuration

can be kept tized while LvuJ and LvwJ are moved to their mirror images with

respect to the line determined by the initial locations of u and w. During

. this motion, the distance from the moving endpoint to C can be kept within its

initial value.

i 3ia aline

s Cline in

S0P p

U\

"a) b)\

Figure 13. LuvJ lies off the diagonal. In a)9 the mirror image falls out-
side C whereas in b). the image lies inside C.

ZKokL: It is easy to see that the airror imaet of the confiSuration with

respect. to the line uv lies within the circle with v off C if* and only if,9 v

ad 0 lie on opposite sides of uw, so that =v intersects Ov at a point

strictly between v and 0. We will first show that ILvwJI a 2ILvuJI forces

this situation to occur* and then we will shoy that the configuration can be

moved to its mirror image while either endpoint is held fLixed and the other is

kept within the proper distance from C.

"~.."' """. ,- -"
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Assume now that I LvvJI & 2I1LvuJI e We want to show that aw intersects Ov

* at a point strictly between v and 0. For notational convenience, we will

think of 0 as lying at the origin of a Cartesian coordinate system with v on

the negative horizontal axis at (-r,0). P will denote the point Ur9O). Note

.1 that Ov is the horizontal axis.

Suppose that uw has non-negative slope. If it intersects the hori.zontal

axis Ov, it does so to the right of vo Then if uw is parallel to Ov or if it

intersects Ov at P or to the right of Pe the perpendicular from v to uw meets

uiu on or outside C. Consequently ILvwJ1 < ILvuJI. a contradiction*

* Consider a line N with positive slope that intersects Ov at 0 or between

* 0 and P. If a and w are placed on this line to miniie the ratio of I LVUJI

to I LvwJ I then, u lies at the intersection of N with the perpendicular from v

ands since vw lies under vu, w lies at the point Q where N meets C. (See Fig-

* ure 13.) Hence we want to minimize the sine of the angle between N and vQ,

where Q is on C. For any given Q9 the opt!== choice for M is the vertical

line through Q if Q is in the fourth quadrant* and is the line OQ it Q is in

the third quandrant. Among the vertical lines and the lines through 0, the

* minimumn ratio is achieved by the vertical line through 0. Rence. the ratio of

ILvull to ILvwJI is at least l/NF@ so ILvwJI A NW ILvuJI, a contradiction.

* Iezte suppose that u has negative slopes so it intersects Ov to the left

of P. If the intersection lies outside C, then ILvuJl > ILvwJI. a contradic-

tion. The intersection cannot occur at v since vu and vw do not lie on top of

one another. It the point of intersection lies at 0 or to the ri.ght of 0.

then ILvuJI ? r and ILvwJI 4 2r, so ILvwJI < 2ILvuJI, a contradiction. This

completes the proof that ILvwJI 21lLvuJi implies that uw intersects Ov at a

point strictly between v and 0 and hence, that the mirror image of the
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configuration les inside C with v not on C.

Now we need to show that when I LvwJI 21LvuJI, the conf iguratiou can

reach its mirror image inside C by motions that keep the moving endpoint

within its initial distance from C.

First, suppose that v is to be held fixed during the motions. Rotate the

line of links LvuJ about v down to LvwJ, moving u closer to C. Then force u

to retrace its path back to its original location but move LvwJ to the other

side of LvuJ, so that LvvJ rotates to its mirror image position. Note that

the distance between u and C never exceeds its initial value during these

motions.

Finally, suppose that u is to be held fixed during the move to the mirror

imae. Note that ILvuJI < r since ILvwJI k 21LvuJI. Rotate LvwJ about v so

that v moves away from 0 down to C. Then fold joint v while simultaneously

rotating the configuration about u to keep v on C. Note that v is constrained

by LvuJ to remain within distance 21 LvuJI of C so that w can stay on C until v

folds. Then force v to retrace its path back to its original location but move

LvwJ to the other side of LvuJ. U

inab L: Suppose that u, v, and w are joints lying on circle C that are con-

nected by straight lines of links LuvJ and LvwJ, and that either LvwJ lies

under LuvJ or vv so that LvwJ contains no links. Also suppose that LwzJ is a

straight line of links connecting v to a joint z that lies on C above LwvJ and

on the opposite side of Ov trom u. Then it ILvJil + ILwzJI I d, the couft-

Suration between u and x can be moved to its mirror image with respect to the

line determined by the initial locations of u and z without ever moving u or

rioving z from C. (See Figure 14.)

... . .. ~ ~ ml .. . . . . . . . . . . . .ne~h~l .. .... . ".- ......



-35-

AA

Figure 14. IuvJI + ILiuz1 A d.

ZzA=L Suppose that I LuvJ I I LvzJI S d. Then ux lies between uv and

Out so the mirror image of the configuration Lies inside C with the images of

w and v off C.

The original configuration can be moved to a position in which u, v, v.

•and are collinear and v ad w. if distinct, are folds. This can be done in

the following way. If vrv, simply straighten the joint v whAle keeping u

tized and moving x around C. If w x vs fold w while keeping u fixed and mov-

ing w and x around C. (This causes LuvJ to rotate about u.) Next, keeping w

folded, told v waile moving z around C and rotating LuvJ about u. This brings

the joints to the desired collinear configuration. The fact that LuvJI +

I LvxJI 9 d guarantees that these motions can be made and that z does not cross

On.

Note that at each moment during the motions just described, the airror

image of the configuration with respect to the moving line uz lies inside C.

Renoe the motions induce legal motions of the mirror image of the initial con-

figuration that carry the mirror image to the configuration in which u. v, w,

, ~~~~~~~~~~.... . --;..... .............................- ,, . .... .. - . . . •. '.-. .-..- ..-..-.-.-...-.-..-.. .- * - - , -.... ".'.. .......
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and x are coilinsear. Rmes the mirror image of the original configuration can

be reached by moving to the colliear configuration, where the joints coincide

with their Images, sad tben reversing the induced motion of the airror image.

U

Z a 1: Suee teat to v v sad x satisfy the hypotheses of Loma 7, except

that z seed set lie em C. Then at least one of the following conditions

holds:

i) ILuJI •ri

ii) ILvzJ I > r

iii) The coufiguration can be oved to its mirror magse with respect to

the line. through the initial positions of u and x while u is held

fixed sad z is kept within its initial distance from C.

iv) The contiguration between v and z can be moved to its mirror image

with respect to the line through the initial positions of v and z

while u and v are held fixed and x is kept within its initial dis-

tance from Co

Izna: We will show that iii) or iv) holds when i) and ii) do not. lots

that if ILuvJI S r and ILwxJI s r, then the mirror inages ot w and v with

respect to the line through the initial locations of u and a lie strictly

inside C.

First, suppose that ILwzJI 2- ILwvJ. Then LwzJ can be rotated about w so

that x moves away from 0 until x reaches C. Note that this induces a legal

motion of the mirror image of the configuration. By Lmam 7, the mirror image

of the contiguration between u and z with x on C can be reached. Finally, the

..... . . .. " .
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, reer" of the induced motions. an be applied to carry the configuration the

rest of the vay to its initiat.uirror image.

Next, suppose that ILuxJl . ILwvJI and that LvxJ crosses LuvJ. Rotate

Lw&J about w until x reaobes LuvJ, and note that the mirror image vith respect

to ux stays inside C. Hence it sutfices to show that the present configura-

tioa with x located on LuvJ can be moved to its mirror image vith respect to

LuvJ. But u, v, and x already coincide with their mirror images, so we only

need to move w to its image. To do this, fold v, moving z to LvwJ. Then make

z retrace its path* but with LwzJ crossed over to the other side ot LvwJ so

that v will reach the image of its initial position.

Finally, suppose that ItuzI s ILwvJI and that LvzJ does not cross LuvJ.

Rotate LviJ about w so that z moves closer to C until z reaches LwvJ. Then

f orce z to retrace its path, but with LwvJ crossed over to the other side of

LwnJ. U

The heart of the proof of the next theorem. vhich is the main result of

this section, uses Lmas 6-8 to show that configurations 1-10 of Theorem 5

generate only a constant number of circles to be added to the collection cov-

ering the boundary of S

XkMn zm i: If A is a non-tixed joint of an arm confined to move inside a

circle C, then the boundary of S can be covered by a f nite collection of

circles. This collection contains at most 148 circles and can be determned

in p(m) time, where p is a polynamial in a.

kmaaL: It follows from Theorem 5 that the boundary of SM can be covered

by a collection of circles consisting of the basic circles (at most 4)9 the

supplementary circles (at most 4)9 and circles of radius 13 centered at the

.U . . . ..
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endpoints of R (at most 4) together with circles coverzng configurations

1-10. In configurations 1-5. A lies on a circle of radiur I - ILA IA JI

centered at the endpoint of an arc of RK. where A. is the last joint on C
. .

between A and A In configurations 6-10, A lies on a circle of radius
0 3 3

ILA.A JIs where A. has the same definition. Thus each possibility for j in

each of the configurations gives rise to at most four new circles to add to

the collection because R. has at most four endpoints. Therefore, it suffices

to show that the total number of possibilities for A. is small, and that these

possibilities can be determined in polynomial time. We will-do this one con-

figuration at a time.

In what follows, we will say that a link index is Leaskin with respect

to a set of inequalities if the corresponding link provides a solution.

Configuration 1: If LA.J lies on L +1 then A3 must lie on a basic cirlce.

It LA AjJ does not lie on Lj 1. then Lemma 6 implies that I[A AjJI < 21j .

O course L1 > IlAj lAJl. If; there are solutions to these inequalities,j+l jlm

let s be the smallest feasible choice tor index j. It is easy to check that

there can be at most one feasible choice for j that is larger than a. Thus,

there are all together three possibilities for A. in confLguration 1.

Contiguration 2: The last link of longest length between A and A must be
0 a

either L v Lj+1  so there are"at most two choices for A.

Conliguration 3: Loma 8 implies that I. + I1 > r, and of course
"" d l j+ • I3 j+Il

d> >ILA. A JI. If there are solutions to these inequalities, let zj+l

be the largest feasible choice for index j+l. Then note that there can be at

most three feasible choices for j+l that are smaller than z, giving a total of

four choices for A..
3

... ............ . .. ".... i mmm m J"
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Configuration 4: The number of choices for the pair of indices ioj+l is at

most m choose 2, and of course I1 > ILA A JI and I. > ILA.A-JI.

First, suppose that I. > ro and if there are solutions to the inequali-

ties including this new one, let s be the smallest index such that for some to

the pair set is a feasible choice for ioj+l. Note that there can be at most

three links beyond L that are longer than r. Hence there are at most four

feasible choices tor i. But choosing a value for i leads us back to conf i-

guration 1, so there are at most troJx choices for j if I > r.

Next, suppose that 1. < r and that 1 > r. Since r 2 1 > ILA.A.JI

and lI > LAj A aJ, L.+ must be the unique link of longest length between

A and A If there are solutions to the inequalities, including I. S r

and ]+1 k r, let s be the smallest index such that for same to the pair set

*is a feasible choice for ij+l. We have just noted that choosing i = s forces

*d j+l = t. Nov note that any other feasible choice for i between s and t also

f orces j+l = t. Since there can be at most one link in LA.+IA J that is

longer than ro there can be at most one more choice for j4l. Hence there are

at most M choices for j if 1 < r and IS+1 > r.

Lena 7 rules out the last possibility, that 1 S r and I1 ro so all

together there are at most 12+2=14 choices for A.

Configuration 5: Let L denote the link of maximum length between A and A0 3

that has highest index. Then either L = L. or L belongs to LA.A.j or L

L The possibility that A. is the lover numbered joint of the last link of

longest length was already taken into account when conf guration 1 was con-

sidered. The possibility that L a L. or that L belongs to LA.A.J can be han-

died by returning to contiguration 1 and letting the endpoint of L with the
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° higher index play the role of As. This generates at most two possibilities

for A. because LAiAjJ cannot lie on Lj in configuration 5.

Configuration 6: According to Lams 6s ILA.A JI < 21t, and of course,

1. > IAoA JI. If there are solutions to these inequalities, let s be the
.3 oj-1

smallest feasible choice for index j. Then it is easy to see that there can

be at most one feasible choice for j that is grocter than s. Hence there are

at most two choices for A.

.3

Configuration 7: There are two choices for A.. A. could be the higher indexed

endpoint of the highest indexed link of longest length, or A. could be the

next joint after that.

Configuration 8: According to Lama 7, 1. 1 + 1I > do and of course

I. 3 ILAAjJ I. If these inequalities can be satisfied, then consider the

largest feasible choice for j, and note that there can be at most one smalier

feasible choice.

i Configuration 9: The longest link that has the highest index is either

L. v L.. The first possibility was handled in configuration 7. In the

second possibility, A. is uniquely determined by the fact that L. is the long-

est link after A..

Configuration 10: According to Lmma 7 1. + ]L > d. Of course.

I1. > ILA.A iAJI. 1I > ILAiAj. l. and Ii > ILAiAj.iJI. If these inequalities

can be satisfied, let s be the smallest feasible choice for is and let t > s

be a feasible choice for j when i z s. Note that t is determined by the fact

that L. must be the longest link between Ai and Aa. All feasible choices for

i between s and t-l force j a t. Since I. + Lj > do there can be at most one

sore feasible choice for i, namely i t. and then the j is again uniquely

....... .- . - -,.-.. . . . . ........... . . . .
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determined. In all, there are tvo possibilities for j. U

The total number of choices for A. is at most 34, and since I. may have as

many as four endpoints, th. generates at most 136 circles. There were at

most 12 circles initially* so the total number of circles needed is at most

148. U

The bound of 148 is very generous. The important point, though, is that

the bound does not depend on the arm.
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